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Analysis of the longitudinal collective behavior in a50 GeV 3 50 GeV muon collider ring
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Simulations of the longitudinal instability in the50 GeV 3 50 GeV muon collider ring have been
performed. Operation of the ring close to the slippage factorh1 . 1026, such that synchrotron motion
is frozen, minimizes the need for rf to maintain the bunch length. However, there is still an energy
spread due to the bunch wake. For design parameters of the ring, this induced energy is too large and
must be controlled. This paper demonstrates that the bunch wake may be compensated for by two rf
cavities with low rf voltages. These studies were made at the nominal design point, and sensitivities to
errors were explored. It is seen that the small energy spread of the beam (dEyE  3 3 1025) in the
50 GeV 3 50 GeV muon collider ring can be maintained during the 1000 turn lifetime of the muons.
Controlled beam dynamics requires proper choice of rf parameters (rf voltage, rf frequency, and phase
offset) for two cavities; these parameters depend on the ring design through the impedance, beam pipe
radius, and momentum compaction. The simulation also shows that the computation of wake field using
bins of variable width (each with a constant number of macroparticles in each bin) gives an accurate
wake and also yields reduced computing time compared to an evaluation of the wake as the direct sum
over the wakes of all preceding macroparticles. [S1098-4402(99)00042-7]
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I. INTRODUCTION

In earlier papers [1–3], the longitudinal dynam
in muon collider rings was studied numerically with
multiparticle tracking code. The longitudinal force
the muons in the ring was modeled as consisting
two components, one from an rf cavity and the ot
from the wake field generated by the interaction betw
the beam and discontinuities of components in the r
The wake was approximated by a broadband impeda
and muon decay was included. Several single bu
collective effects in a2 TeV 3 2 TeV muon collider ring
were examined.

This paper presents investigations of the longitud
dynamics in a50 GeV 3 50 GeV muon collider ring.
The critical design parameters of a50 GeV 3 50 GeV
muon collider ring, from the viewpoint of collectiv
effects, are (i) the bunch has a large charge (N 
4 3 1012), (ii) the bunch length is long (sz  13 cm)
compared to the pipe radius (a few centimeters),
(iii) the beam energy spread is very small (sd  3 3

1025), as is the slippage factor (h1 . 21026). The muon
has a lifetime,tm . 1.1 ms at 50 GeV, correspondin
to 1000 turns in the ring with a circumferencesCd of
300 m [4]. The need to minimize rf voltage leads toh1 
21026 and a synchrotron oscillation period much long
than the storage time. These parameters are summa
in Table I. The small slippage over the storage time le
to dynamics similar to that in a linac. The large bun
charge induces, through the wake field, an undesir
head-to-tail energy spread. Maintaining an intense b
with a low energy spread provides a challenge to the
design.
1098-4402y99y2(5)y051001(9)$15.00
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In this paper, we present a means of controlling
longitudinal dynamics in the 50 GeV muon collider rin
That is, to limit rf, one operates the ring close to t
transition (h1  1026) such that the synchrotron motio
is frozen in the storage time, and uses two rf cavities
compensate for the ring impedance arising from beam
ring structures. In this way, the wake voltage result
from the intense bunch is canceled out by the two
voltages. Since the beam intensity decreases due to
muon decay, rf voltages must also vary in time.

The utility of the simulation depends on the ability
calculate a sufficiently accurate wake without excess
computation. We have implemented a binning sche
to calculate the wake. Various approaches to accura
describe wake fields have been implemented in sev
simulations [5,6]. In the simulation for a 2 TeV muo
collider ring, with a characteristic bunch frequen
(cysz ø 100 GHz) higher than the resonant frequen
used in the broadband impedance model, the wake
was obtained by using ad wake function evaluated fo

TABLE I. Parameters of the 50 GeV muon collider ring.

Beam energy (E0) 50 GeV
Muons per bunch (N) 4 3 1012

Circumference (C) 300 m
Energy spread (sd) 3 3 1025

Bunch length (sz) 13 cm
Slippage factors (h1, h2, h3) h1  21 3 1026, h2 , 3,

h3 & 1000
Beam pipe radius (bpipe) 3 cm
Revolution period (T0) 1 ms
Synchrotron tune (ns) 5.1 3 1026
© 1999 The American Physical Society 051001-1
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1000 macroparticles [1–3]. This method is impracti
(requiring too many macroparticles) for the 50 GeV mu
collider ring, where, in contrast to the 2 TeV desig
the characteristic bunch frequency is much less than
resonant wake frequency.

In the present code, the wake is calculated by summ
the wakes from bins of variable bin width in front o
the particle andd wakes from preceding particles in th
same bin. We performed tests for this method to calcu
wake, and found that it gives the desired accuracy an
substantial reduction in computing time when compa
to the wake calculation using unbinned macropartic
Using these techniques, we demonstrate stable longitud
beam dynamics for the required design parameters
muon collider Higgs factory.
-
d

nc

a

ke
ai
it
th
l t

w
o

ta
o
n
th
i

it
io
ti
,

051001-2
l
n
,
he

g

te
a

d
s.
al
a

This paper is organized as follows: In Sec. II the co
putation of the wake field model and macroparticle eq
tions are derived. An example in which the bunch wa
is compensated for by one and two rf cavities is presen
in Sec. III. Section IV is devoted to sensitivity studie
A discussion and our conclusions are given in Sec. V.

II. THE COMPUTATION OF THE WAKE FIELD
AND MACROPARTICLE EQUATIONS

The wake generated by a beam interacting with disc
tinuities of components in the ring is approximated by
broadband impedance with quality factor of the order
unity. The longitudinal wake functionW 0

0szd for a broad-
band impedance is given by [7]
W 0
0szd 

8<: 0, if z . 0 ,
aRs, if z  0 ,
2aRs expsazycd scosv̄z

c 1
a

v̄ sin v̄z
c d, if z , 0 ,
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wherea  vRy2Q, v̄ 
p

w2
R 2 a2, Q  Rs

p
CyL is

the quality factor, wR  1y
p

LC is the resonant fre
quency, andRs is the shunt impedance. For the broa
band model,Q  1 and vR  cyb, where b is the
vacuum pipe radius. The more common impeda
Zkynh  s2pbyCdRs. HereC is the ring circumference
andnh is the harmonic number.

In the earlier simulations [1–3], the wake fieldW szid
at theith macroparticle on any turnn was calculated as
sum ofd wake functionsW 0

0ssszsndddd,

Wssszisndddd  2
Nbr0

Npg

zi,zjX
j

W 0
0ssszisnd 2 zjsndddd

2
Nbr0

Npg
W 0

0s0d , (2)

where Nb is the number of particles in a bunch,Np

is the number of macroparticles,g  E0ymmc2, and
r0  e2ymmc2. The second term in Eq. (2) is the wa
generated by the macroparticle itself. In trying to obt
an accurate wake field by use of Eq. (2), beams w
long bunch length require many macroparticles. Since
number of operations to evaluate Eq. (2) is proportiona
N2

p, this method is less desirable with long bunches.
To reduce the computing time, we applied the follo

ing method for wake calculations: First, longitudinal p
sitions of the macroparticles are binned with a cons
number of particles in each bin. This results in bins
variable bin width. The position of each bin is give
by the average position of the macroparticles inside
bin. The wake from macroparticles in preceding bins
calculated as arising from a single macroparticle (w
properly enhanced charge) located at that bin posit
Second, the interaction between macroparticles exis
in the same bin is included asd-function wakes. That is
e

h
e
o

t
f

e

.
g

the wake felt by a macroparticle in theith bin is
approximated first by calculating the sum of the avera
wakes from macroparticles in each preceding bin [the
term in the right-hand side of Eq. (3)], and then add
the individual wakes from the preceding macropartic
in the same bin [second term in the right-hand side
Eq. (3)], and finally adding the wake generated by
macroparticle itself [third term in the right-hand sid
of Eq. (3)],

W ssszisndddd  2
Nbr0

Npg

zisnd,zj sndX
j

NjW 0
0ssszisnd 2 zjsndddd

2
Nbr0

Npg

zi snd,zjsndX
j

W 0
0ssszisnd 2 zjsndddd

2
Nbr0

Npg
W 0

0s0d , (3)

whereNj is the number of macroparticles in thejth bin.
Calculation using Eq. (3) is more efficient than usi

Eq. (2). We used 2035 bins for 44 768 macropartic
in the simulation. The wake field that was there
obtained showed good agreement with analytical res
The number of bins and macroparticles must be prop
chosen, as they depend on ring parameters such a
bunch length and the radius of the beam pipe. The in
longitudinal coordinates of macroparticles are chosen
have a Gaussian distribution.

Macroparticles are tracked in phase space with eq
tions of motion which include kicks by two rf cavities
a longitudinal wake kick, and a drift that depends
the momentum compaction. Each macroparticlei has
position and energy coordinates (zi , di) and is tracked
for 1000 turns. The longitudinal difference equatio
for the ith macroparticle at revolution numbern is
051001-2
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TABLE II. rf cavity parameters for wake compensation.

One cavity Two cavities

rf frequencysfrfd 570 MHz 823 and 399 MHz
Harmonic number 570 823 and 399
rf voltage sVrfd 14.1 kV 4.26 and 12.12 kV
Phase offsetsfd 3.55 rad 3.755 and 3.415 ra

derived from its coordinates on turnn 2 1 by

disnd  disn 2 1d 1 Krfsn 2 1d 1 W ssszisndddd , (4)

zisnd  zisn 2 1d 1 sh1d 1 h2d2 1 h3d3dC . (5)

Here, z is the longitudinal coordinate with respect
the bunch center,d  dPyP is the relative momentum
error of the particle,h1, h2, h3 are the linear and highe
order momentum compaction parameters, andC is the
circumference of the ring. The rf impulseKrfsn 2 1d (a
negative quantity) due to the two rf voltages is given b

Krfsn 2 1d 
eVrf1e

2 T0 sn21d
gtm

E0
sin

√
wrf1

c
zi 1 f1

!

1
eVrf2e

2 T0sn21d
gtm

E0
sin

√
wrf2

c
zi 1 f2

!
.

(6)

The rf voltages (Vrf1 and Vrf2), rf frequencies (wrf1
and wrf2), and rf phase offsets (f1 and f2) are chosen
to compensate for the bunch wake. An example
rf parameters that compensate the wake, for the
parameters of Table I, are shown in Table II. T
factor e2fT0sn21dygtmg in the rf voltages is introduced t
compensate the decreasing beam intensity due to m
decay. Here,T0 is the revolution period.

Numerical example of the compensation of the
bunch wake

The synchrotron oscillations are almost frozen dur
the storage time by the small choice forh1. The bunch
wake, when uncompensated, causes serious beam e
spread. With two modest rf voltages, the energy spr
can be avoided through compensation of the bunch w
The ring parameters are those of Table I.

Figures 1(a) and 1(b) show the beam phase space
one turn and 1000 turns in the case that voltages are
applied to the two rf cavities (Vrf1  Vrf2  0). It is seen
that the phase space after 1000 turns is distorted by
bunch wake.

Figures 2(a) and 2(b) show the beam phase space
1 turn and 1000 turns in the case thatVrf1 fi 0 has
been chosen to minimize the induced energy spread
Vrf2  0. The wake in the center of the bunch has b
051001-3
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FIG. 1. The longitudinal beam phase space at (a) turn 1
(b) turn 1000 when the rf voltages are not applied. T
beam distribution after 1000 turns is distorted by the bu
wake. The initial energy spread wassd  1 3 1023, h1 
21 3 1026, Vrf1  Vrf2  0, andj

Zk

nh
j  0.1 V.

compensated, but, after 1000 turns, the tail particles
or lose energy from the large rf kick at the longitudin
positions where the bunch wake becomes small. This
be understood from examination of Fig. 2(c), where th
voltage [curve (1)], bunch wake voltage [curve (2)], a
the resulting total voltage [curve (3)] are plotted after o
turn. A similar plot, Fig. 2(d), shows the same curv
after 1000 turns. The amplitude of the wakes are sma
since the muons have decayed and the rf voltage has
correspondingly reduced. The rf parameters are give
Table II, column 2.

Figures 3(a) and 3(b) show the beam phase space
1 turn and 1000 turns when bothVrf1 fi 0 andVrf2 fi 0.
The beam distribution after 1000 turns is not distor
by the sum of the rf voltages and the bunch wake
the beam distribution remain intact. Figure 3(c) sho
the cancellation of the wake by the rf voltages. The
parameters are given in Table II, column 3. We note t
the bunch wake in the50 GeV 3 50 GeV muon collider
ring can be compensated by very low rf voltages.
051001-3
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rve (3)].
ifference

c) shows
s. The
FIG. 2. The longitudinal beam phase space at (a) turn 1 and (b) turn 1000 withVrf1  14.1 kV and Vrf2  0. (c) (turn 1) and
(d) (turn 1000) show the voltages of the rf [curve (1)], the bunch wake [curve (2)], and total voltage across the bunch [cu
The bunch wake is partly compensated for by the rf voltage, but the tails of the bunch are distorted by the rf. The d
between (c) and (d) is a consequence of the decay of the muons and the rf voltage. The parameters aresd  3 3 1025,
h1  21 3 1026, j

Zk

nh
j  0.1 V, Vrf1  14.1 kV, Vrf2  0, frf1  570 MHz, andf1  3.55 rad.

FIG. 3. The longitudinal beam phase space after 1 turn (a) and 1000 turns (b) when two rf voltages are applied. (
voltages due to the two rf cavities [curve (1)], the bunch wake [curve (2)], and the net voltage [curve (3)] after 1000 turn
bunch wake is well compensated by the two rf cavities, withVrf1  4.26 kV, Vrf2  12.12 kV, f1  3.755 rad, f2  3.415 rad,
frf1  823 MHz, andfrf2  399 MHz. sd  3 3 1025, h1  21 3 1026, andj

Zk

nh
j  0.1 V.
051001-4 051001-4
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While this cancellation is good, the choice of
parameters is affected by bunch length, bunch intens
beam pipe radius, and shunt impedance. Thus, one n
to consider sensitivity to ring parameters.

III. SENSITIVITY STUDIES OF LONGITUDINAL
DYNAMICS

In this section, we study the sensitivity of our solutio
to variations in critical ring parameters.

A. Sensitivity to beam current and j
Zk

0
nh

j

Figures 4(a)–4(d) show the beam phase space a
1000 turns with beam current varying from its desig
value by 210%, 25%, 15%, and 110%, respectively.
The rf parameters are fixed, as given in Table II, c
umn 3. The energy spread has increased roughly 8%
Figs. 4(a) and 4(d), and 2% for Figs. 4(b) and 4(c).

Figures 5(a)–5(d) show the beam phase space a

1000 turns for variations of the impedance:j
Z

k

0

nh
j  0.1 V,

0.5 V, 0.7 V, and 1 V, respectively. Here,jZk

0

nh
j is re-

lated to the shunt impedance asRs  j
Zk

nh
j

wr

w0
 j

Zk

nh
j

C
2pb .

Voltages in the rf cavities are varied proportionally to th

magnitude ofjZ
k

0

nh
j. The potential well distortion due to th

bunch wake increases withjZ
k

0

nh
j and becomes quite notice

able at1 V.
051001-5
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Figures 6(a) and 6(b) show the beam distributions a
1000 turns for radii of the beam pipe (b) of 3 and 1.76 cm,
respectively. The resonant frequency of the broadb
impedance iswr . cyb, and the shunt impedance
then159 V and270 V for b  3 cm andb  1.76 cm,

respectively. Figures 6(a) and 6(b) havej
Zk

0

nh
j  0.1 V.

The voltages of the two rf cavities in Figs. 6(a) and 6(
are varied corresponding to the magnitude ofRs.

B. Dependence of longitudinal dynamics onsd and
h1, h2, h3

Figure 7 shows the beam phase space after 1000 t
for several values ofh1 and sd. sd denotes initial
energy spread. Here, only one rf voltage is used
compensate for bunch wake. The rf parameters are g
in Table II, column 2. In Figure 7(a),sd  0.001
and h1  21 3 1026 and the distribution is essentiall
unchanged over 1000 turns. Figure 7(b) correspond
sd  3 3 1025 andh1  21 3 1026. This distribution
shows tails which are distorted by the large rf volta
[Fig. 2(b)].

In the calculations for previous figures, and for Fig.
we have hadh2  h3  0, and the equation of motion
[from Eqs. (4)–(6)],

z0  h1dssd , (7)
icles in a
ed
FIG. 4. The sensitivity of the longitudinal beam phase space to the variations of the bunch current. The number of part
bunch is varied from the design value by210%, 25%, 15%, and110% in (a)–(d), respectively. Two rf voltages are held fix
at the values used in Fig. 3, in (a)–(d). In addition,sd  3 3 1025, h1  21 3 1026, andj

Zk

nh
j  0.1 V.
051001-5
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FIG. 5. The sensitivity of the longitudinal beam phase space to the variations ofj
Z

k
0

n
j. j

Z
k
0

n
j in (a)–(d) are 0.1, 0.5, 0.7, and1 V,

respectively, andsd  3 3 1025 andh1  21 3 1026. The voltages in the rf cavities are scaled linearly withj
Z

jj
0

nh
j to compensate

for the bunch wake. The effects of imperfect cancellation become more apparent at the higher impedances.
n

ing
ws

ore
ase
of

ical
he
3.
ase
of
d0ssd 
eVrf1szde

2 T0 sn21d
gtm 1 eVrf2szde

2 T0 sn21d
gtm

CE

1
Nbr0

NpgC

Z `

z 0

W0sz 2 z0drsz0d dz0, (8)

wherez0 
dz
ds , d0 

dd

ds , ands is the distance traveled i
the ring.

Figure 7(c) shows the beam phase space withsd 
0.001 andh1  21 3 1022. Whend0ssd integrated over
103 turns is small compared tosd, the motion of a
particle is determined by the magnitude ofh1. The large
051001-6
slippage dominates the motion and leads to stream
in z motion, as is seen in Fig. 7(c). Figure 7(d) sho
the beam phase space in the case ofsd  3 3 1025

and h1  21 3 1022. In the case of largeh1, and
small energy spread, the dynamics is significantly m
complicated, as shown in Fig. 7(d). The resultant ph
space after103 turns is summarized as a function
(h1, sd) in Fig. 7(e).

Figures 8(a)–8(d) show results for parameters ident
to those of Figs. 7(a)–7(d), with the exception that t
rf now has two cavities, as given in Table II, column
Clearly, the two-voltage compensation reduces the ph
space distortions of the beam for the parameters
b). The
priate
FIG. 6. The longitudinal beam phase space for two values of the beam pipe radius 3.0 cm in (a) and 1.76 cm in (
resulting resonant frequencywr of the broadband impedance in (a) and (b) is 10 and 16.9 GHz, respectively. With appro
adjustment of the two rf cavities, the compensation scheme is seen to work. In both figures,sd  3 3 1025, h1  21 3 1026,

and j
Zjj

nh
j  0.1 V.
051001-6
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te

used to
FIG. 7. The longitudinal phase space after 1000 turns for different values ofsd and h1. One rf voltage is used to compensa
for the bunch wake (given by Table II, column 2). In (a)sd  0.001 and h1  21 3 1026, (b) sd  3 3 1025, and
h1  21 3 1026 , (c) sd  0.001 and h1  21 3 1022, (d) sd  3 3 1025, and h1  21 3 1022. (e) gives a summary
of the beam dynamics insd and h1 parameter space. This parameter space shows the parameter when one rf voltage is
compensate for bunch wake. In each figure,j

Zk

nh
j  0.1 V.
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turns

II,
od
Figs. 7(a), 7(b), and 7(d). The motion in Figs. 7(c) a
8(c) is dominated by slippage, and the rf does not af
the dynamics. In summary, two rf cavities can be use
remove the beam tail of the (b) region of Fig. 7(e) and
energy spread of the (d) region of Fig. 7(e).

Figure 9 shows the beam phase space after 1000
with variation of h2 and fixed h1  21 3 1026 and
h3  0. Other parameters are as in Table I and Ta
II, column 3. Now, thez0 equation includes a nonlinea
term

z0  fh1 1 h2dssdgdssd . (9)

With two rf cavities used to compensate the bun
wake, the energy does not show significant change a
1000 turns and the motion is a nonlinear stream
051001-7
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described roughly by Eq. (9) with the energies taken
their initial values. We see this in Fig. 9 where the ene
spread of the macroparticles is basically unchanged.
nonlinearity of the streaming is noticeable in Fig. 9
where, for particles withh2 . h1ydssd, the streaming
direction is independent of the sign ofd, but depends
quadratically on its magnitude and on the sign ofh2. The
behavior of the phase space parameterized byh2 andsd

is summarized in Fig. 9(d).
Figure 10 shows the beam phase space after 1000

with variation of h3 and fixed h1  21 3 1026 and
h2  0. Other parameters are as in Table I and Table
column 3. The energy evolution is small due to go
compensation, and the position evolves according to

z0  fh1 1 h3d2ssdgdssd , (10)
051001-7
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o
hen two
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In each

ace
FIG. 8. The longitudinal phase space after 1000 turns for different values ofsd andh1, with, in contrast to Figs. 7(a)–7(d), tw
rf cavities used to compensate the bunch wake. The rf corresponds to Table II, column 3. The situation is improved w
rf cavities are used, as shown in (a), (b), and (d). The values ofsd and h1 in (a)–(d) correspond to their respective values
Figs. 7(a)–7(d). The motion in Figs. 7(c) and 8(c) is dominated by slippage, and the rf does not affect the dynamics.
figure, j Zjj

nh
j  0.1 V.

FIG. 9. The longitudinal phase space after 1000 turns for (a)h2  3, (b) h2  50, and (c)h2  100. Two cavities are used
to compensate for bunch wake. (d) shows beam dynamics in thesd and h3 parameter space. The right upper parameter sp
shows the beam streaming of positive or negativez direction, depending on the sign ofh2. Here, h1  21 3 1026, h3  0,
sd  3 3 1025, andj

Zk

n
j  0.1 V.
051001-8 051001-8
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e

FIG. 10. The longitudinal phase space after 1000 turns for (a)h3  10, (b) h3  50, and (c)h3  100. Two cavities are used
to compensate for bunch wake.sd  3 3 1025, h1  21 3 1026, h2  0, andj

Zk

nh
j  0.1 V. (d) shows beam dynamics in th

sd andh3 parameter space. The right upper parameter space shows the beam streaming in the positive or negativez direction.
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where the energy can be taken roughly to be fixed
its initial value. The nonlinear coefficienth3 becomes
important whenh3 . h1yd2ssd. For positive h3, the
particles with negatived move to the positivez direction
and the particles with positived move to the negativez
direction. The parameter space for varyingh3 andsd is
summarized in Fig. 10(d).

IV. CONCLUSION

Longitudinal motion in the50 GeV 3 50 GeV muon
collider ring is investigated with a multiparticle trackin
code. A binning scheme is used to enhance the comp
tional efficiency of the simulation and muon decay is
cluded. The operation of a ring with smallh1, so that the
synchrotron oscillation is frozen during the storage tim
and with the bunch wake compensated by two low rf ca
ties, is studied. The wake was modeled with a broadb
impedance.

The longitudinal dynamics is seen to be controlla
with the proper choice of rf parameters. One cavity c
be used to control the motion of the core of the bun
while a second controls the tails. We studied the r
played by important ring parameters in the longitudi
dynamics. Longitudinal motion with compensation of t
wake was studied with various slippage factors (h1, h2,
and h3) and values were found above which the bun
051001-9
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lengthened. It was also shown thath1, h2, andh3 each
show different characteristic behaviors. The sensitivity
the compensation scheme to variations in ring parame
was examined.
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